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Abstract: General formulae allowing the evaluation of the form factors of cyclic 
block copolymers are established and graphs for cyclic copolymers of the form 
(A-B)N are shown. When N is large, the linear and the cyclic copolymer have the 
same behaviour. It is possible to extend at large angle an analytical expression 
given for linear polymers. This allows to show that, in the study oftransesterifi- 
cation by small-angle neutron scattering, one can neglect the effect of cycles. 
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Introduction 

In a recent paper [1] the intensity scattered by 
multiblock linear copolymers, in bulk or in solu- 
tion, was evaluated and the results applied to the 
problem of transesterification [2]. In this calcu- 
lation, the formation of rings during transesterifi- 
cation was neglected; this approximation was 
justified by a qualitative and not very rigorous 
argument. Since this theory has already been used 
experimentally with success [3, 4], it is perhaps 
worthwhile to study more rigorously the effect of 
ring structures on the values of the form factor for 
copolymers. The main difficulty in this kind of 
calculation is that the integrals which describe the 
results are not reducible to classical functions and 
must be evaluated numerically. The problem of 
diblock circular copolymers has already been 
studied by Huber [5] and Benmouna [6], but 
they did not extract from their results rules which 
can be extrapolated to more complex cases. For 
instance, the scattering at large angles is interest- 
ing since, as in the case of linear copolymers, it 
depends only on the topology of the sample and 
not on the details of the structure [7]. Our inten- 
tion in this paper is to revisit the problem of cyclic 
polymers and copolymers, to extend the results 
recently obtained [5, 6] and to establish methods 

for the evaluation of the scattering due to complex 
ring copolymers. These results will be applied to 
multiblock cyclic copolymers in order to genera- 
lize the formulae used in studying transesterifica- 
tion. 

General formulae 

In the context of the Random Phase Approxi- 
mation description of the scattering of polymers 
or copolymers [7, 8] one knows that the scattered 
intensity depends only on combinations of the 
form factors and thermodynamic quantities. The 
form factor of a ring section is defined as: 

n 2P(q)= ~ ~ (exp(-iq-rlj)) 
i----i j = l  

(i) = exp - 6 ' 
i=l j= l  

where q is the modulus of the scattering vector, 
i.e., the quantity (4n/2) sin(0/2), 2 being t h e  
wavelength of the incident beam and 0 the obser- 
vation angle. The quantity -2 r u is the mean square 
distance between two points on the scattering 
block and is defined, in the case of rings, by the 
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classical relation: 

f~ = b 2 ( l i - j ' ) {  1 -  'i-jl}N ' (2) 

where b is the length of the statistical element. 
In t roducing the quantities: # = q2b2/6, z = 

[i - J l  P n/N,  u - - -  - and transforming the double 
F/ n 

sum into a simple sum allows the evaluation of the 
form factor P (q), normalized to unity for q = 0: 

n Z P ( q ) = 2 ~ d p ( n - p ) e x p  - # p  1 -  
o 

1 
= 2n 2 fdu(1 - u)exp { - #nu(1 - uz)} (3) 

o 

Complet ing  the square in the exponential  and 
writing # n - - x  leads after simple calculation to 
an expression depending on what  is called the 
Dawson  integral. Calling e(t) the function: 

t 

e(t) = ~exp[u  2 ] d u ,  
0 

one obtains for P (q) the expression 

P ( q ) =  exp I - -  ~zz? {z23@2--~ [e ( ~ )  

(6,1 
+ 1 ( 1  -- exp[ - -  x(1 -- z)]~.  (4) 

XZ J 

P(q) depends on two parameters:  the quanti ty 
q262 

x = - -  n, which is the classical variable for scat- 
6 

tering by Gaussian chains, and the ratio z = n/N 
of the length of the scattering chain to the total 
length of the cycle. It will be shown that  all the 
characteristics of the scattering of rings can be 
expressed as a function of P(q) which will be 
called P(x ,  z). In Fig la, we have plot ted (using the 
Mathematica program) the quant i ty  q 2 p ( x , z )  
which, in dilute solution, is propor t ional  to the 
product  I(q)q a of the scattered intensity by the 
square of the modulus  of the scattering vector as 
a function of x for different values of z. For  z = 0 
(N = oo) one recovers the classical linear Gaus- 
sian chain and, for z = 1 (n = N), the Casassa [9] 
formula for the complete cycle. 

q~z(q) 

2.5 

1.5 

0.5 

10 20 30 ~ 

Fig. la. The quantity q2l(q) in arbitrary units as a function 
of q2R 2 corresponding to different values of the parameter z. 
Going from top to bottom one has successively z = 1, 0.8, 0.5, 
0.2, 0 

~ J  f J  

J 

Fig. lb. Zimmplots and asymptotes for three characteristic 
cases. Going from top to bottom: 1) the linear polymer, 2) the 
polymer making half a ring, and 3) the complete ring. (In this 
last case the asymptote cuts the curve around qR = 9) 

One could also use the classical Z imm repre- 
sentation P -  ~ (x, z) as a function of x (Fig. lb). tn  
both  representations the shape of the diagram 
changes completely for z = 1/2. For  z less than 1/2 
the curves are similar to those obtained for linear 
polymers. When  q increases the curves reach, in 
Fig. l a ,  the asymptot ic  value from below. When 
z > 1/2, one has a m a x i m u m  in the Kra tky  plot  
for qb w/~/6 = 2, 3. 
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The case z = 1/2, where the scattering segment 
is exactly half of the ring, is interesting since it is 
the only case where Eq. (4) can be integrated in 
closed form, leading to [8]: 

1 - exp ( -  x/2) 
P(x, 1/2) = (5) 

x/2 

It is a simple exponential  function and gives 
b 2 n/8 for the square  of the radius of gyration. In 
the classical Z i m m  plot  (P - ~ (q) as a function of x) 
all the curves have the same final slope, but  the 
intercept is a decreasing function of z: it is one-half  
for z = 0, 0 for z = 1/2 and - 2  for the complete  
ring. 

In this d iagram,  one sees that  the radius of 
gyrat ion depends on z and a simple calculation 
shows that: 

,6, 

It is a linear function of z/2 when one goes from 
the linear chain to the complete  ring. 

In order  to s tudy the behavior  at large q values 
we shall, as explained in the appendix I, develop 
Eq. (4) as a function of the var iab le / t  = qZb2/6 
obtaining for z 4: 1: 

2 2 
nP(q) = ~- + ~ -~  (2z - 1). (7) 

This formula gives the classical first term valid 
for Gaussian chains of any structure. The second 
term is a linear function of the parameter  z = n/N. 
This term is positive for z > 1/2 and becomes 
negative for z < 1/2. In the ease  of stars it was 
possible to explain why this second term changes 
sign when the number  of arms increases. Unfor tu-  
nately, such an explanat ion is no longer possible 
for rings, The only thing one can say is that, when 
the por t ion  of the ring which scatters increases, its 
structure becomes more  compact  and  the scatter- 
ing decreases quickly with increasing q (it is diffi- 
cult to show even. qualitatively why the term in 
1/q 4 is the same for a four b ranch  star and a com- 
plete ring). 

Fo r  z ,~ 1, one recovers the classical Gaussian 
chain, but  there is an anomaly  a round  z = 1. For  
this value of z, Eq. (7) corresponds to the complete  
ring and gives 2/#2N for the second term; this is 
inexact. Going  back to Eq. (4) and making  z = 1, 
one recovers the exact Casassa [8] result: 

2 4 
S (q) = ~ + . (8) / t2N 

This comes from the fact that  for n = N both  
ends of the chain, which were more  or less inde- 
pendent,  become suddenly joined and this evi- 
dently modifies the form factor in the large 
q (small distances) limit. This abrupt  change 
would be difficult or even impossible to detect 
experimentally. 

The cross form factor 

Since we want  to apply these calculations to the 
case of ring copolymers  with many  blocks, it is 
also necessary to evaluate the cross term or, more  
precisely, the interference between two subchains 
of the same ring. 

Two cases are possible depending on whether  
these subchains are cont iguous or not, or in other 
words, whether  n3 = 0 or not  (n3 is the length of 
the chain O~O2 separat ing both  subchains (see 
Fig. 2)). 

The me thod  which is the most  convenient  is to 
reduce the problem of the calculation of these 
cross terms to the preceding problem since it has 
the advantage of t ransforming a double integral 
into a single integral. 

Let us consider first the case of connected seg- 
ments: 

a) Interference between two contiguous seg- 
ments: (n3 = 0 in Fig. 2). Using O as c o m m o n  
origin for the numera t ion  of segments 1 and 2, we 
write: 

M i 

nl 

02j 

Mj 

Fig. 2. Two sub chains, part of the same cycle interfering 
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and: 

nlnzP12(q)= ~ exp [-- /t (i + j )  1-- . 
i=0 j=0 

(10) 

The double integral by which one replaces this 
summat ion  is not  easy to evaluate and it is more  
convenient  to use the following indirect way: 

One considers the segment 1-2 as the sum of 
segments 1 and 2, writing for its form factor PT: 

(n, + n2) 2 PT(q) = n2pl(q) + n22P2(q) 

+ 2nln2P12(q) �9 (11) 

In t roducing the variables x and z this equat ion 
becomes: 

2nln2P12(q) = (nl + n2)2p(xl  + x2 , z l  + z2) 

-- n2p(x l ,  z1) --  /;2p(x 2, z2), (12) 

which makes the evaluation of P12 (q) straightfor- 
ward since the function P (x, z) is known.  

b) the two segments are not contiguous: 
One has to write three equations similar to Eqs. 

(t 1) and (12) 

2nlnaPla(q) = (nl -4-n3)2p(xl + X3, .71 "4-.73) 

-- n~ P(xl, zl) -- n2 p(xa, z3), 
(13) 

2n2n3P23(q) = (n2 q- n3)2p(x2 + x3, z2 + z3) 

- nZ2P(x2, z2) - n2p(xa,  z3),  

(14) 

(n ,  q- n 2 q- n a ) 2 p ( x 1  q- x 2 q- x3 ,  -71 of- -72 --~ z3) 

= nZP(xx, z , ) +  nZP(x2, z2) + n2p(x3,z3)  

+ 2nxn2P12(q) + 2n2n3P23(q) 

+ 2nln3Pla(q) (15) 

fl I 

Fig. 3. A linear chain grafted on a cycle 

Since we have three equations and three un- 
knowns  P12, P23, P13, the problem is formally 
solved. 

c) Interferences between a 9rafted chain and 
a cycle 

This case corresponds to Fig. 3. It is assumed 
that  there are no correlations between the ele- 
ments  of the chain and of the ring. This allows one 
to write directly: 

111 //2 

nlniPx2(q ) = ~ ~ < e x p ( -  iq.ro) ) 
i = l j = l  

"' q ij = ~ exp , (16) 
i = l  j = l  

with f2 = b = [i + j ( 1  - j / N ) ] .  
The summat ions  on i a n d j  are independent  and 

transforming them into integrals gives: 

P12 (q) = exp n2 

(17) 

Making  the classical changes of variable and 
integrating yields: 

e12(q) = 1 -- exp(--  x2) exp - 4z 

X2 X/~ 

• {e ( ~ )  - e ( ~ z l ) ( 1  -- 2z))} " 

(18) 

P12 (q) for large values of  q 

Since we now have analytical expressions for 
P12 (q) as a function of what  we have called P(x, z), 
it is easy, using Eq. (12), to obtain the asymptot ic  
expressions for Plz(q). If the two subchains are 
cont iguous and if (nl + n2) < N, one obtains: 

1 
P12(q) = nl n2/~" " (19) 

As one could have guessed, there is no term in 
#-a  (or q-Z) since there are no interferences be- 
tween scattering centers situated on the same 
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chain. There is only one term in y - 2  (q-4-), which 
is independent  of the length of the segments 1 and 
2 and it is insensitive to the existence of a cycle 
since it is identical to the result obtained for linear 
chains [7]. 

If nt + n2 = N, one has to replace 
P ( n l  + nz ,  z l  + z2) by the expression valid for the 
complete ring and one obtains: 

1 
P12 (q) '~ n l  n2 //2 �9 (20) 

If the two subchains are separated there are no 
terms of the order of # -1  or # -  2 in the expansion 
of P~2 (q). This was to be expected since, at large 
angles, the interference between non contiguous 
subchains disappears. 

The third case is that of  a linear chain at tached 
to a ring: Using the expansion of the function e (x) 
given in the appendix, one obtains 

1 
a) if nl < N (or zl < 1): P12(q) "~ - -  

nl  n2 #2 
attached to b) if zl = 1: the lateral chain is 

a complete ring and: 

2 
P12 (q) ~ ~ n ,  (21) 

The case where the grafted chain and the ring 
have no common point has not  been discussed 
but, from what w e k n o w  already, it is evident, that 
in this case also there is no term in q-2  or q-4.  

Some applications to cyclic multibiock copolymers 

a) General  f o r m u l a  

We have now all the tools necessary to evalu- 
ate, at least at large angle, the scattering by com- 
plex cyclic structures. It is known that multiblock 
copolymers can be made by transesterification of 
mixtures of H and D polymers. In order to inter- 
pret the results, one usually assumes that all the 
chains are linear. But one could as easily obtain 
cycles. It is therefore interesting to see if the exist- 
ence of cycles has a substantial effect on the scat- 
tering of these copolymers. 

The classical Leibler [12] formula allows one to 
write the scattering intensity of a copolymer in 

bulk as: 

i(q) - - -  
I (q) _ tr 2 N u  2 v 2 PI  (q) P2 (q) - PZ2 (q) 

v N  Pr (q )  ' 

(22) 

calling i(q) the scattered intensity per monomer,  
k the contrast  factor (difference in scattering 
length between the two types of monomeric  units), 
v the number  of chains having N monomeric  units 

n l  
and u the ratio u -  - -  ( v =  l - u ) .  

nl -t- n2 
We consider the simple case where nl = n2 

(u = v = 1/2) and P~ (q) = P2 (q). In this case: 

4PT  (q) = n l  (q) + P2 (q) + 2P12 (q) 

= 2P~ (q) + 2P,2(q) ,  (23) 

and Eq. (22) can be replaced by: 

2 N 
i(q) = ~ -~ (n l  (q) - nw(q))  . (24) 

Since the form factor Pr(q) of the complete 
cycle is given by P ( x ,  1) the only term which needs 
evaluation is P~ (q), the form factor of the part  1 of 
the copolymer This is done using the method 
defined by Eq. (14) which allows the determina- 
tion of all the cross terms as a function of the 

0.15 

i(r 

/~\ 
\ 
\ 

, /.~\ 

2 4 6 8 10 

Fig. 4. Scattering by cyclic and linear copolymers of the type 
(A-B)~; the blocks A and B are identical, i(q) is the scattered 
intensity in reduced units as a function of q b ~ / 6  in arbit- 
rary units. Going from bottom to top, it corresponds to the 
full curves with z = 1, 2, 4. The first dotted line corresponds 
to a copolymer with an infinite number of blocks of linear as 
well as a cyclic structure. The two other dotted lines corres- 
pond to linear block copolymer with z = 4 and z = 1 

O. 05 
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quadrat ic  terms. The calculation is easy for the 
first terms and one obtains: 

f o r p  --- 1: 

P~ (q) - Pr(q) = P(x, 1/2) - P(2x, 1) (25) 

for p ~- 2: 

Pt(q) - Pr(q) = ~(P(x,  1/4) + P(3x, 3/4) 

- 2P(2x,  1/2) -- P(4x, 1) (26) 

f o r p -  3 

2 
(P(x, 1/6) - 8 P(2x, 1/3) PI (q) - PT (q) = -~ 

+ 3P(3x, 1/2) - P(6x, 1) (27) 

and for p = 4 

1 (P(x, 1/8) - 2P(2x,  1/4) P~ (q) -- PT (q) = 

+ ~ P ( 3 x ,  3/8) - 4P(4x, 1/2) 

+ ~ P(Sx, 5/8) -- P(8x, 1) 

(28) 

Figure 4 shows the scattered intensity as func- 
t ion of x = q b x ~ / 6  in arbitrary units. Going 
from bo t tom to top, the curves correspond suc- 
cessively to p = 1, 2, 4. 

On  the same graph we have plotted the curve 
corresponding to p = 0o in the case of linear 
mult iblocks copolymers  (it is the lower dashed 
lines curve. Finally the two last curves correspond 
to linear copolymers  with p = 1 and 4. This graph 
shows a continuity between the cyclic block 
copolymer  and the linear one. 

All these curves have the same shape, especially 
in the high q range, where the differences are much  
less pronounced.  When p is large there is no 
difference between a linear and a cyclic 
copolymer;  this justifies the fact that  the presence 
of cyclic copolymers  can be neglected in transes- 
tefification. One sees also that  cyclic copolymers 
scatter much  less than the linear one. When the 
number  of blocks increases the scattering in- 
creases in the case of cyclic copolymers and de- 
creases in the case of linear copolymers.  This 
means that  the compatibil i ty of cyclic copolymers 

is larger than the compatibil i ty of linear 
copolymers; this compatibil i ty decreases with the 
number  of blocks for the cyclic copolymer and 
increases for the linear one. 

b) Behavior at large angles 

In this section, we ~intend to give expressions 
valid in the large q range for cyclic block 
copolymers made  of z identical blocks of nl stat- 
istical elements and z block of n2 statistical ele- 
ments. Evidently, N = z(nl § n2). Since we limit 
our  expansion to the terms in q-4,  we do not  need 
the term in PZ2(q) which it is of higher order. 
Thus, Eq. 18 becomes: 

i(q) - I (q) _ ~c2 Nu2v2 Pa (q) P2(q) (28) 
vN Pr 

The only contr ibut ion to the term P1 (q) is given 
by the scattering of the blocks (none of the blocks 
1 are contiguous) and one finds (remembering the 
normalizat ion to unity of P1 (q): 

2 2 4 
P1 (q) - #zn~ zn~# ~ + zNnl#  ~ (29) 

since none of the blocks covers the complete cycle 
but  the copolymer  is a complete cycle, Pr(q) is 
given by Eq. (8): 

PT (q) -- S (q) _ 2 4 
N # N  + #2N~ (30) 

Using Eq. (28), one obtains for the scattered 
intensity at large angle: 

L# + n2 (31) 

Sometimes, one prefers to write i -a  (q), obtain- 
ing: 

i- l(q) 1 [  1 + 1  2 1 
~-~ - 2 u v  # +-na n2 N . (32) 

This result is similar to the result obtained for 
linear polymers: only the last term in 1IN (which 
can be neglected when the number  of blocks is 
large) has a different coefficient (2 instead of 1). 
This confirms what  has been seen already in dis- 
cussing the figures, i.e., that  the format ion of 
cycles in the transesterification reaction can be 
neglected as soon as the quant i ty  z (z = N~ 
nl + n2)) is sufficiently large. 
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Conclusion 

In this paper  we have confined the discussion to 
the case where the blocks on a cycle are all identi- 
cal (or monodisperse).  The  in t roduct ion of poly- 
dispersity is unnecessary since its effect will be 
identical to that  observed with linear copolymers.  
[1]. The only thing which needs to be repeated is 
taht, in polydisperse media, the quantities n t and 
n2 which appear  in Eq. (31, 32) must  be replaced 
by their number  average values. 

We could also have used our  me thod  in order  
to discuss the problem of grafted cycles. One can 
easily consider the case of a cycle with many  
branches and evaluate the form factor of such an 
object. This could perhaps be better than the 
classical model  of stars with many  arms starting 
all from the same point. But, since the calculation 
is simple, it is better to begin with experimental  
examples in order  to compare  experiment  and 
theory. 

It is also possible to use these results in the 
case of dynamics scattering as has been done  by 
Borsali and Benmouna  [13]. 

We could also have discussed the case of poly- 
mers or copolymers with many  cycles or, in other 
words, of networks and gels. This extension will 
be presented shortly. 
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Appendix I 

Series expansion o f  the function e(x) at large x 

For  this calculation, we need the expansion of 
the integral: 

x 

~(x) = ~exp(u2)du.  
o 

Using the identity: 
0(3 

exp(u2 ) = 1 ~ e x p ( -  t 2 + 2ut) du , 

one writes the expression of e(x) and performing 
first the integrat ion on u one obtains: 

1 e x p ( -  t 2) [exp(2t) - 1]d t .  8(X) 

This function behaves normally and the point  
t = 0 is not  a singularity. Making  the subst i tut ion 
t - x = w, e (x) becomes: 

exp(x 2) ~ exp_(- w 2) 

x 

x [1 -- exp { -- 2x z - 2xw}] dw 

e x p ( -  w 2) has a shape m a x i m u m  around  w = 0, 
so we can expand the rest of the integral a round  
this point  and  calculate the series of the terms. 
The second part  e x p ( -  2x 2 - 2xw) does not  con- 
tribute, in the w ~ oo limit one can therefore 
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write: 

exp(x2)v/rt { e ( x ) - 2  /--xo ~_~ d w e x p ( - w  2) 1 Wx 

. . . .  } 

The odd powers vanish and one obtains as final 
result: 

_ exp(x2) f 1 1.3 8(X) 2 ~  ~1 + (2x~)~ + (2xZ)-------- 5 

1.3.5 } 
+(2X2)3 + ' ' "  , 

which has been used in this paper. 

Appendix II 

S(q)  for the cycle copolymer (A-B)3 

If all blocks are identical, the formula is: 

S(q) = 2(Pa -- P,b) = 4(P, -- Pr) 

with evident notations: P, (q) is the form factor of 
the species A, P~ (q) of the species B, PT(q) is the 
form factor of the cycle and Pa~(q) the interferen- 
ces between A and B momoners. All these func- 
tions of q are such as P(0) = 1. It is assumed that 
all the blocks are identical, each of them made of 
n links. This gives for the total number of links 
N = 6n. 

We divide the copolymers into its six distinct 
blocks; the double sum P~(q) is made of the 36 
squares: We call pij the terms corresponding to 
the square i, j 

Table 1. How to divide the block copolymers into 3 blocks 
(1, 3, 5) and evaluate the interferences between all the pairs of 
blocks 

1 2 3 4 5 6 
:N:.~ ~ p21 ~iii~iiiii{{iiiii:~ p41 iiiiilpi~:::~ii~ii:~ p61 

2 p12 p22 p32 p42 p62 
p52 

3 liiii~i~ji p23 :~ ..... ~,.~ p43 p63 
i!~i~!ii~ @!,!.!:::,~! ................. 

4 p14 p24 p34 p44 p54 p64 

5 ii!~ 2P5 ii~!~!iii!i! p45 i~i!N,~!~; p65 

6 p16 p26 p36 p46 p56 p66 

taking the symmetries into account one has: 
pij = pji. Moreover: 

p12 = p23 = p34 --" p45 = p56 

and p13 = p24 = p35 = p46 = p15. 

The table is therefore made of only four different 
terms pl l ,  p12, p13 and p14 (see Table 2): 

Table 2. The different terms in this product and the way to 
evaluate them 

1 2 3 4 5 6 

~i~l}i p12 ~?iiiiii p14 ~i~i~:! p12 
2 

p12 pll p12 p13 p14 p13 

4 p14 p13 p12 pll p12 p13 

5 ~{ii p14 iii~ii~ii p12 p12 

6 p12 p13 p14 p13 p12 p! 1 

The form factor of the copolymer A made of the 
three blocks 1, 3, 5 is given, following the figure, 
by: 

9Pa = 3p l l  + 6p13, 

where p l l  is defined, following Eq. (4), as: 
p l l  = P(x, 1/6) 

more generally, if we consider the tables made of 
the squares lying on the upper left hand side, one 
has: 

P(x, 1/3) = 1/4(2pll + 2p12) 

POx,  1/2) = 1/9(3p11 + 4p12 + 2p13) 

These equations allow the evaluation of p11, p12, 
p13 

p11=p(x, 1/6); 2p12=4P(2x ,  1 /3 ) -P(x ,  1/6) 

and 2p13=9P(3x, 1/2)-8P(2x,  1 /3) -P(x ,  1/6). 

From the definition of P,, one obtains immediate- 
ly Eq. (27): 

2 8 
P"(q) = 5 P(x, 1/6) - 5 P(2x, 1/3) + 3P(3x, 1/2) 

The generalization to higher orders is evident. 


